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The responses of a linearly elastic isotropic solid induced by
loads moving steadily on the half-plane boundary were classiﬁed
into three different cases, namely, subsonic, transonic and super-
sonic cases, depending on how fast of the speed m of the loads is.
The two wave speeds mL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðkþ 2lÞ=qp and mT ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃl=qp , where k
and l are the Lame constants and q is the mass density, play the
role in the classiﬁcation. For the speed m < mT, the case is called sub-
sonic while for the speed m > mL we have the case of supersonic. The
transonic case corresponds to the speed falling in the range
mT < m < mL. All of these three cases are of considerable importance
in many branches of applications and have been investigated by
many researchers (Barber, 1996; Cole and Huth, 1958; Eason,
1965; Eringen and Suhubi, 1975; Georgiadis and Barber, 1993;
Georgiadis and Lykotraﬁtis, 2001; Rahman, 2001; Sneddon,
1952). Their analyses are all for isotropic materials.
The classiﬁcation of anisotropic solid induced by loads moving
steadily on the half-plane boundary depends on the occurrence
of the roots of the Stroh eigenvalue problem for steady state prob-
lem (Chadwick and Wilson, 1992; Lothe and Alshits, 2009; Ting
and Barnett, 1997). The Stroh eigenvalue problem (see Eq. (2.4))
provides six pa which is real or complex conjugate pairs. For
m = 0, the problem corresponds to elastostatics where the sixll rights reserved.
821, Zhongshan Rd., Luzhu
886 7 6077036; fax: +886 7eigenvalues pa are all complex and they appear in pairs of complex
conjugates. As m increases from zero, one or more pairs of eigen-
values pa will become real. The speed m ¼ m^ at which one pair of
the pa ﬁrst becomes real is deﬁned as the limiting wave speed
(Lothe and Alshits, 2009; Ting, 1996). When the speed m of the
loads falls in the range 0 < m < m^ the problem is called subsonic
problem, while for m > m^ the corresponding problem is called
supersonic problem. The problem occurred exactly at limiting
speed, i.e., at m ¼ m^, is called transonic problem. There are other
transonic problems occurred for m > m^. These problems embody
those real eigenvalues pa or which they are not distinct. Note that
the terminology ‘‘transonic’’ adopted for classifying the responses
for anisotropic materials is different from that for isotropic materi-
als. The subsonic problem where the six eigenvalues pa all remain
complex have been dealt with by Liou and Sung (2008). Their anal-
yses focus on the surface responses (Liou and Sung, 2008) for point
load or uniform traction moving steadily on an anisotropic half-
plane boundary. In this paper, the supersonic responses of a half-
plane anisotropic solid due to a steadily moving point load are
investigated, for ﬁeld points either inside or on the surface of the
half-plane solid. There are three cases (called S1, S2 and S3 cases
in the context) needed to be distinguished for supersonic problem,
depending on how many pairs of eigenvalues being real occurred
in the supersonic problem. For all cases studied, the responses of
displacements and stress components are presented in closed
forms for general anisotropic materials. The obtained analytic
expressions for general anisotropic materials are further exploited
for monoclinic materials with symmetry plane at x3 ¼ 0 and for
orthotropic materials, not only for supersonic problem but also
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exploited displacements are found to be related to matrix K(m)
while those for stress components are related to matrices X(m)
andC(m). All elements of the matricesK(m),X(m)and C(m) are com-
posed by terms involving the ﬁeld points of observations multi-
plied by parameters which are completely determined by the
elastic stiffness as well as the speed m. As the ﬁeld points of obser-
vations are moved to the half-plane boundary, results for subsonic
problem have been veriﬁed with those presented by Liou and Sung
(2008). The multiplied parameters given analytically are also stud-
ied numerically for a selected monoclinic material. By taking spe-
cial values in the analytic expressions for the elements of the
matricesK(m),X(m) andC(m), the results for isotropic materials ap-
peared in the literature, both for subsonic and supersonic prob-
lems, are all recovered.
2. Basic equations
Consider a linearly elastic half-plane solid subjected to a point
load moving steadily with speed m > 0 over its surface (Fig. 1). Let
a Cartesian coordinate x1, x2, x3 move with the load. Then viewed
from this moving coordinate system, the steady state responses
of the displacement u = [u1,u2,u3]T are governed by
ðQ  qm2IÞu;11 þ ðRþ RTÞu;12 þ Tu;22 ¼ 0; ð2:1Þ
where q is the mass density, I is a 3  3 unit real matrix, the super-
script T stands for the transpose, a comma indicates partial differen-
tiation, and
Q ¼
c11 c16 c15
c16 c66 c56
c15 c56 c55
2
64
3
75; R ¼
c16 c12 c14
c66 c26 c46
c56 c25 c45
2
64
3
75;
T ¼
c66 c26 c46
c26 c22 c24
c46 c24 c44
2
64
3
75: ð2:2Þ
Here all the elements of Q, R and T, determined only by the material
constants, are expressed in terms of cab(a,b = 1,2,4,5,6) which are
the contracted notations of the elastic stiffness cijks. Both Q and T
possess the symmetric and positive deﬁnite properties. The solution
to Eq. (2.1) can be expressed as:
ui ¼ ai gðzÞ; or u ¼ a gðzÞ; ð2:3Þ
where z = x1 + px2, g is an arbitrary function of z. Unknown constant
p and vector a are determined by the eigenrelation
Ua ¼ 0; ð2:4Þ
where
U ¼ ½ðQ  qv2IÞ þ pðRþ RTÞ þ p2T: ð2:5Þx1
x2
r
θ
t =[σ   ,σ   ,σ   ]11 12 13 T1
f=[ f  , f   , f  ]1 2 3 T
v
t =[σ   ,σ   ,σ   ]21 22 23
T
2
Fig. 1. Loads moving steadily over the anisotropic elastic half-plane surface.The eigenrelation (2.4) provides six eigenvalues pa and associated
six eigenvectors aa(a = 1–6). The dependence of pa and aa(a = 1–
6) on m is implied implicitly. Here and in what follows, we assume
that the six eigenvalues are all distinct. Therefore, by superposing
the six independent solutions associated with the six distinct eigen-
values, the general solution for the displacement may be obtained
as follows (Ting, 1996)
u ¼
X6
a¼1
aagaðzaÞ or u ¼ AgðzÞ þ A^g^ðz^Þ; ð2:6Þ
where
A ¼ a1;a2;a3½ ; A^ ¼ a4;a5;a6½ ;
g zð Þ ¼ g1 z1ð Þ; g2 z2ð Þ; g3 z3ð Þ½ T ; g^ z^ð Þ ¼ g4 z4ð Þ; g5 z5ð Þ; g6 z6ð Þ½ T ;
za ¼ x1 þ pax2 a ¼ 1 6ð Þ:
ð2:7Þ
As to the responses for the stresses, it is known that the stress
components t1 = [r11,r12,r13]T and t2 = [r21,r22,r23]T are com-
puted by the following formula (Ting, 1996)
t1 ¼ u;2 þ qm2u;1; t2 ¼ u;1; ð2:8Þ
where u ¼ ½u1;u2;u3T , the stress function vector, is deﬁned as
u ¼
X6
a¼1
bagaðZaÞ; or u ¼ BgðzÞ þ B^g^ðz^Þ; ð2:9Þ
where
B ¼ b1;b2;b3½ ; B^ ¼ b4;b5;b6½ ; ð2:10Þ
ba ¼ RT þ paT
 
aa
¼ p1a Q  qv2I þ paR
 
aa; a ¼ 1 6ð Þ: ð2:11Þ
When speed m = 0, the problem corresponds to elastostatics. There
are three different problems needed to be classiﬁed for m– 0, i.e.,
subsonic, supersonic and transonic problems, as mentioned previ-
ously. For supersonic problem, there are further three cases, called
S1, S2 and S3 cases, needed to be distinguished, depending on how
many pairs of eigenvalues being real occurred in the supersonic
problem. The three cases are classiﬁed as follows:
(a) S1 case: Only one pair of pa being real (say, p3 and p6), and
the other two pairs remaining complex conjugate (say
p4 ¼ p1 and p5 ¼ p2).
(b) S2 case: Two pairs of pa being real (say, the pair p2, p5 and the
pair p3, p6), and only one pair remaining complex conjugate
(say p4 ¼ p1).
(c) S3 case: All three pairs of pa being real.
In the next section, the responses for these three supersonic
cases will be presented analytically for general anisotropic materi-
als. The subsonic responses for general anisotropic materials will
also be addressed for the purpose of subsequent developments.
3. Supersonic responses for general anisotropic materials
The problem under consideration is shown in Fig. 1 where a
point force f = [f1, f2, f3]T moves steadily with speed m over the sur-
face of a half-plane solid ðx2 P 0Þ. The boundary condition on the
surface is
t2ðx1Þ ¼ u;1ðx1Þ ¼ f dðx1Þ; ð3:1Þ
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respect to x1, the stress function vector may be represented by
the Heaviside function H(x1) as
uðx1Þ ¼ fHðx1Þ: ð3:2Þ
Let’s ﬁrst consider the subsonic problem. For subsonic problem, the
three pairs of eigenvalues pa in the eigenrelation (2.4) appear as
complex conjugates. Therefore, if we let Im{pk} > 0 for k = 1,2,3,
then we have pkþ3 ¼ pk for k ¼ 1;2;3. In addition, the eigenvectors
associated with these eigenvalues have the relationships that
akþ3 ¼ ak for k ¼ 1;2;3. Using these properties and noting that the
relation g^ðz^Þ ¼ gðzÞ holds for subsonic problem, the general solu-
tions for displacement and stress function vector are expressed,
respectively, as
u x1; x2ð Þ ¼
X6
a¼1
aa ga zað Þ ¼ 2RefAg zð Þg; x1 2 R; x2 P 0; ð3:3Þ
u x1; x2ð Þ ¼
X6
a¼1
ba ga zað Þ ¼ 2RefBg zð Þg; x1 2 R; x2 P 0; ð3:4Þ
which have the same expressions as those for elastostatics. The
function g(z) for subsonic problem is known to be (Ting, 1996)
g zð Þ ¼ diag g1 z1ð Þ; g2 z2ð Þ; g3 z3ð Þh iq
¼ 1
2i
diag
1
p
‘n z1ð Þ; 1p ‘n z2ð Þ;
1
p
‘n z3ð Þ
 
B1f ð3:5Þ
Expressions in Eqs. (3.3), (3.4) and (3.5) are valid for any ﬁeld point
of the half-plane solid and are expressed in complex forms. We
mention that subsonic problem has also been treated by Liou and
Sung (2008). Their expressions for the displacement and stresses
are written in real forms which are also valid for any ﬁeld point
of the half-plane solid. As the ﬁeld points are on the surface, their
real expressions (Liou and Sung, 2008) are further expressed explic-
itly in term of elastic stiffnesses. It can be veriﬁed that as ﬁeld
points are on the half-plane surface expressions in Eqs. (3.3) and
(3.4) reduce to those given by Liou and Sung (2008) if the following
identities
AB1 ¼ SðvÞL1ðvÞ  iL1ðvÞ; ð3:6Þ
Im BhpkðvÞiB1
n o
¼  RT1RT  Q þ qv2I
 
L1ðvÞ; ð3:7Þ
are being noted where LðvÞ ¼ 2iBBT and SðvÞ ¼ ið2ABT  IÞ. In the
next two sections, expressions in Eqs. (3.3), (3.4) and (3.5) will be
further elaborated in term of elastic stiffnesses for monoclinic
materials with symmetry plane at x3 = 0 and orthotropic materials
not only for ﬁeld points on the surface of the half-plane solid but
also for ﬁeld points inside the half-plane solid.
Now let’s consider the responses for supersonic problems. There
are three cases to be considered. We ﬁrst consider the S1 case.
3.1. S1 case
For S1 case, there is only one pair of pa being real (say, the pair
p3 and p6), and the other two pairs of pa remain complex conjugate
(say pairs p4 ¼ p1 and p5 ¼ p2). Since p3 and p6 are now real, the
corresponding arguments z3 and z6 will be also real. There are
two characteristic lines z3 ¼ x1 þ p3x2 ¼ const and z6 ¼ x1þ
p6x2 ¼ const corresponding, respectively, to the two real eigen-
values p3 and p6. The two characteristic lines will have the same
slope when v ¼ v^ , since at the limiting speed v^ we have the tran-
sonic problem for which p3 = p6 (Ting, 1996). As v increases from
limiting speed, we encountered the supersonic problem where
p3– p6 in which the two characteristic lines with different slopes
arose. Without loss of generality, we may assume that p3 > p6and that p3 corresponds to the characteristic line in the upper half
plane ðx2 P 0Þ and p6 corresponds to the characteristic line in the
lower half plane ðx2 6 0Þ. With this assumption, the function with
argument z6 is unacceptable since the region of the half-plane solid
considered is the region for which x2 P 0. This is equivalent to tak-
ing g6(z6)  0 for S1 case. Hence, the general solution for displace-
ments and stress function vector for S1 case become, by noting that
eigenvectors a3 and b3 associated with the pair p3 and p6 are both
are real vectors:
u x1; x2ð Þ ¼ 2Refa1 g1 z1ð Þ þ a2 g2 z2ð Þg þ a3 g3 z3ð Þ
¼ 2RefAg zð Þg; x1 2 R; x2 P 0 ð3:8Þ
u x1; x2ð Þ ¼ 2Refb1 g1 z1ð Þ þ b2 g2 z2ð Þg þ b3 g3 z3ð Þ
¼ 2RefBg zð Þg; x1 2 R; x2 P 0; ð3:9Þ
where
gðzÞ ¼ g1ðz1Þ; g2ðz2Þ;
1
2
g3ðz3Þ
	 
T
ð3:10Þ
The appropriate explicit forms of the function g(z) for S1 case may
be taken as
gðzÞ ¼ 1
2i
hgIðzkÞiq; ð3:11Þ
where
hgIðzkÞi ¼ diag
1
p
‘nðz1Þ; 1p ‘nðz2Þ;
1
p
‘njz3j  iðHðz3Þ  1Þ
 
: ð3:12Þ
The unknown constant vector q in Eq. (3.11) is determined by the
boundary condition. By substituting g(z) in (3.11) into (3.2), we
end up with
u ¼ Im Bdiag 1
p
lnjx1j; 1p lnjx1j;
1
p
lnjx1j
 
q
 
¼ 0; x1 > 0;
ð3:13Þ
and
u ¼ Im Bdiag 1
p
lnjx1j þ i; 1p lnjx1j þ i;
1
p
lnjx1j þ i
 
q
 
¼ f ; x1 < 0;
ð3:14Þ
from which we immediately obtain the unknown constant vector q
as
q ¼ B1f : ð3:15Þ
This completes the determination of the responses for S1 case. For
latter reference, the responses of displacements and stress compo-
nents for S1 case are summarized below
u ¼ Im A gIðzkÞh iB1
n o
f ; ð3:16Þ
t2 ¼ u;1 ¼ Im B g0IðzkÞ
 
B1
n o
f ; ð3:17Þ
t1 ¼ u;2 þ qm2u;1
¼ Im B pkg0IðzkÞ
 
B1
n o
f þ Im A qm2g0IðzkÞ
 
B1
n o
f ; ð3:18Þ
where
g0IðzkÞ
  ¼ diag 1
p
z11 ;
1
p
z12 ;
1
p
z13  idðz3Þ
 
: ð3:19Þ
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The second case of the supersonic problem is S2 case. For S2
case, there are two pairs of pa being real (say, the pair p2, p5 and
the pair p3, p6) and only one pair of eigenvalues remains complex
conjugate (say, the pair p4 ¼ p1). Without loss of generality, we
may again assume that these real eigenvalues are such that
p2 > p5 and p3 > p6. Then by the same argument as made for S1 case
we have to take g5(z5)  0 and g6(z6)  0. The general solution for
S2 case may now be expressed as, by noting that the eigenvectors
a2, b2, a3 and b3 are all real,
u x1; x2ð Þ ¼ 2Re a1 g1 z1ð Þf g þ a2 g2 z2ð Þ þ a3 g3 z3ð Þ
¼ 2Re Ag zð Þf g; x1 2 R; x2 P 0; ð3:20Þ
u x1; x2ð Þ ¼ 2Re b1 g1 z1ð Þf g þ b2 g2 z2ð Þ þ b3 g3 z3ð Þ
¼ 2Re Bg zð Þf g; x1 2 R; x2 P 0: ð3:21Þ
Similar to the consideration for S1 case, the appropriate function
g(z) for S2 case is determined as
gðzÞ ¼ g1ðz1Þ;
1
2
g2ðz2Þ;
1
2
g3ðz3Þ
	 
T
¼ 1
2i
< gIIðzkÞ> B1f ; ð3:22Þ
where
hgIIðzkÞi ¼ diag
1
p
‘nðz1Þ;1p‘njz2j iðHðz2Þ1Þ;
1
p
‘njz3j  iðHðz3Þ1Þ
 
:
ð3:23Þ
Using this function g(z) given above, the stress components are
expressed as follows
t2 ¼u;1 ¼ Im B g0IIðzkÞ
 
B1
n o
f ; ð3:24Þ
t1 ¼u;2 þqm2u;1 ¼Im B pkg0IIðzkÞ
 
B1
n o
f þ Im A qm2g0IIðzkÞ
 
B1
n o
f ;
ð3:25Þ
where
g0IIðzkÞ
  ¼ diag 1
p
z11 ;
1
p
z12  idðz2Þ;
1
p
z13  idðz3Þ
 
: ð3:26Þ3.3. S3 case
The investigations of the S3 case follow those discussed for S1
and S2 cases. For S3 case, the three pairs of pa are all real. Labeling
these three pairs of eigenvalues such that p1 > p4, p2 > p5 and
p3 > p6. Then employing the same arguments made for S1 and S2
cases, we know that the functions g4(z4), g5(z5) and g6(z6) associ-
ated with eigenvalues p4, p5 and p6 are unacceptable for S3 case.
Therefore, the general solution for S3 case is then expressed in
the following form
u x1;x2ð Þ ¼ a1 g1 z1ð Þ þa2 g2 z2ð Þ þ a3 g3 z3ð Þ ¼ Ag zð Þ; x1 2 R; x2P 0;
ð3:27Þ
u x1;x2ð Þ ¼ b1 g1 z1ð Þ þ b2g2 z2ð Þ þ b3g3 z3ð Þ ¼ Bg zð Þ; x1 2 R; x2P 0;
ð3:28Þ
where eigenvectors ak and bk (k = 1,2,3) are all real vectors. Func-
tion g(z) for S3 case is
gðzÞ ¼ g1ðz1Þ; g2ðz2Þ; g3ðz3Þ½ T ¼ gIIIðzkÞh iB1f ; ð3:29Þ
where
gIIIðzkÞh i ¼ diag ðHðz1Þ  1Þ;ðHðz2Þ  1Þ;ðHðz3Þ  1Þh i;and the stress components for S3 case are
t2 ¼ u;1 ¼ B g0IIIðzkÞ
 
B1f ; ð3:30Þ
t1 ¼ u;2 þ qm2u;1
¼ B pkg0IIIðzkÞ
 
B1f þ A qm2g0IIIðzkÞ
 
B1f ; ð3:31Þ
where
g0IIIðzkÞh i ¼ diag dðz1Þ;dðz2Þ;dðz3Þh i: ð3:32Þ
The responses of the displacements and stresses presented above
are valid for general anisotropic materials and are expressed in
terms of matrices A and B where elements of A and B are deter-
mined by the elastic stiffnesses of the materials as well as the speed
m of the load. In the next two sections, more explicit expressions for
the responses of the displacements and stresses are exploited for
the cases of monoclinic materials with symmetry plane at x3 ¼ 0
and orthotropic materials from which the responses of the isotropic
materials for the subsonic, transonic and supersonic problems are
shown to be a special case of the present analyses.
4. Supersonic responses for monoclinic materials with
symmetry plane at x3 = 0
In this section, we will focus on the responses for monoclinic
materials with symmetry plane at x3 ¼ 0 where the dependence
of elements of A and B on the elastic stiffnesses is exploited explic-
itly. Suppose the monoclinic materials have the symmetry plane at
x3 ¼ 0, we then have c14 = c15 = c24 = c25 = c46 = c56 = 0. For this kind
of monoclinic materials, the nonzero elements of A and B ex-
pressed in terms of elastic stiffnesses are as follows (Liou and Sung,
2007)
A ¼
a11ðp1Þ a12ðp2Þ 0
a21ðp1Þ a22ðp2Þ 0
0 0 a33ðp3Þ
2
64
3
75; ð4:1Þ
B ¼
b11ðp1Þ b12ðp2Þ 0
1 1 0
0 0 1
2
64
3
75; ð4:2Þ
where
a1k pkð Þ ¼  c22p2k þ 2c26pk þ c66
 
=D pkð Þ; k ¼ 1;2ð Þ;
a2k pkð Þ ¼ c26p2k þ c12 þ c66ð Þpk þ c16
 
=D pkð Þ; k ¼ 1;2ð Þ;
a33 p3ð Þ ¼ c45 þ p3c44ð Þ1;
b1k pkð Þ ¼ pk þ qv2a2k pkð Þ; k ¼ 1;2ð Þ;
D pkð Þ ¼ c22c66  c226
 
p2k þ c16c22 þ c26c66  c26 c12 þ c66
  
pk
þ c16c26  c12c66
 
;
c66 ¼ c66  qv2: ð4:3Þ
Note that above expressions for elements of A and B depend on val-
ues of pk(k = 1,2,3), however, they are valid no matter whether pk
(k = 1,2,3) are real or complex. The eigenvalues pk (k = 1,2,3) are
determined by the elastic stiffnesses as well as the speed m by the
following two equations
c44p2 þ 2c45pþ c55 ¼ 0; ð4:4Þ
c22c66  c226
 
p4  2 c12c26  c16c22ð Þp3
þ c66c66 þ c11c22  c12 þ c66ð Þ2 þ 2c16c26
h i
p2
 2 c12 þ c66ð Þc16  c11c26  c66c16
  
pþ c11c66  c216
  ¼ 0:
ð4:5Þ
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p3 ¼ n3 þ ig3 ¼
c45 þ iðc44c55  c245Þ1=2
c44
; ð4:6Þ
while the second equation produces the eigenvalues p1 and p2 in
forms as
p1 ¼ n1 þ ig1; p2 ¼ n2 þ ig2: ð4:7Þ
Depending on what the magnitude of the speed m is, the
eigenvaues pk (k = 1,2,3) determined above may be real or complex
which in turn is used to classify the problem to be subsonic or
supersonic. Via the expressions for elements of A and B given in
Eqs. (4.1) and (4.2) for monoclinic materials, the responses for
displacements and stresses presented in previous section may be
further exploited in more explicit forms. The elaborated displace-
ments and stresses are expressed in the following forms
u ¼
u1
u2
u3
2
64
3
75 ¼ KðmÞf ¼
K11 K12 0
K21 K22 0
0 0 K33
2
64
3
75
f1
f2
f3
2
64
3
75; ð4:8Þ
t1 ¼
r11
r12
r13
2
64
3
75 ¼ CðmÞf ¼
C11 C12 0
C21 C22 0
0 0 C33
2
64
3
75
f1
f2
f3
2
64
3
75; ð4:9Þ
t2 ¼
r21
r22
r23
2
64
3
75 ¼ XðmÞf ¼
X11 X12 0
X21 X22 0
0 0 X33
2
64
3
75
f1
f2
f3
2
64
3
75; ð4:10Þ
where the non-zero elements of matrices K, C andX are expressed
explicitly in terms of the elastic stiffnesses for both subsonic and
supersonic problems. Surface responses of the subsonic problem
for this special material have been investigated by Liou and Sung.
Here we extend their analysis to the interior points of the half-plane
sold. Note that zero elements of matrices K, C and X appearing in
Eqs. (4.8), (4.9) and (4.10) indicate that the in-plane responses and
the anti-plane response are uncoupled for the two-dimensional
deformation of the monoclinic materials with the symmetry plane
at x3 ¼ 0. This uncoupled phenomenon holds also true for orthotro-
pic materials which will be discussed in the next section.
4.1. Subsonic problem
For speed m less than the limiting speed, the subsonic problem is
encountered. For subsonic problem, all pk = nk + igk (k = 1,2,3) are
complex. Let x1 = r cosh, x2 = r cosh, and deﬁne
rk ¼ r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cos hþ nk sin hð Þ2 þ gk sin hð Þ2
q
;
hk ¼ tan1 gk sin hcos hþ nk sin h
 
: ð4:11Þ
Then the non-zero elements of the matrix K related to displace-
ments u are worked out as
K11 ¼ K1111
‘n r1ð Þ
p þK
12
11
h1
p þK
21
11
‘n r2ð Þ
p þK
22
11
h2
p
	 

;
K12 ¼ K1112
‘n r1ð Þ
p
þK1212
h1
p
þK2112
‘n r2ð Þ
p
þK2212
h2
p
	 

;
K21 ¼ K1121
‘n r1ð Þ
p
þK1221
h1
p
þK2121
‘n r2ð Þ
p
þK2221
h2
p
	 

;
K22 ¼ K1122
‘n r1ð Þ
p
þK1222
h1
p
þK2122
‘n r2ð Þ
p
þK2222
h2
p
	 

;
K33 ¼ K3133
‘n r3ð Þ
p
;
ð4:12Þwhere rk and hk (k = 1,2,3) are deﬁned in Eq. (4.11) and
K1111 ¼ Im
a11 p1ð Þ
jBj
 
; K1211 ¼ Re
a11 p1ð Þ
jBj
 
; K2111 ¼ Im
a12 p2ð Þ
jBj
 
;
K2211 ¼ Re
a12 p2ð Þ
jBj
 
;
K1112 ¼ Im
a11 p1ð Þb12 p2ð Þ
jBj
 
; K1212 ¼ Re
a11 p1ð Þb12 p2ð Þ
jBj
 
;
K2112 ¼ Im
a12 p2ð Þb11 p1ð Þ
jBj
 
; K2212 ¼ Re
a12 p2ð Þb11 p1ð Þ
jBj
 
;
K1121 ¼ Im
a21 p1ð Þ
jBj
 
; K1221 ¼ Re
a21 p1ð Þ
jBj
 
; K2121 ¼ Im
a22 p2ð Þ
jBj
 
;
K2221 ¼ Re
a22 p2ð Þ
jBj
 
;
K1122 ¼ Im
a21 p1ð Þb12 p2ð Þ
jBj
 
; K1222 ¼ Re
a21 p1ð Þb12 p2ð Þ
jBj
 
;
K2122 ¼ Im
a22 p2ð Þb11 p1ð Þ
jBj
 
; K2222 ¼ Re
a22 p2ð Þb11 p1ð Þ
jBj
 
;
K3133 ¼ Im a33 p3ð Þf g ¼  c44c55  c245
 1=2
: ð4:13Þ
Note that elements of the matrix K in Eq. (4.12) are expressed by
terms each composed by ﬁeld points of observations multiplied
by parameters which are deﬁned in Eq. (4.13). The multiplied
parameters K1111;K
12
11, etc. are completely determined by the elastic
stiffness and speed m. They are independent of the ﬁeld points of
observations. We note that this form of expressions will also be pre-
served for the elements of matricesX and C which will be seen be-
low. MatrixX is related to the response of stress components t2 by
t2 =X(m)f (see Eq. (4.10)) while matrix C determines the response
of stress components t1 through t1 = C(m)f (see Eq. (4.9)). The
non-zero elements of the matrix X are expressed as,
X11 ¼ X1111
cos h1
pr1
X1211
sin h1
pr1
þX2111
cos h2
pr2
X2211
sin h2
pr2
	 

;
X12 ¼ X1112
cos h1
pr1
X1212
sin h1
pr1
þX2112
cos h2
pr2
X2212
sin h2
pr2
	 

;
X21 ¼ X1121
cos h1
pr1
X1221
sin h1
pr1
þX2121
cos h2
pr2
X2221
sin h2
pr2
	 

;
X22 ¼ X1122
cos h1
pr1
X1222
sin h1
pr1
þX2122
cos h2
pr2
X2222
sin h2
pr2
	 

;
X33 ¼ X3233
sin h3
pr3
;
ð4:14Þ
where
X1111 ¼ X2122 ¼ Im
b11ðp1Þ
jBj
 
; X2111 ¼ X1122 ¼ Im
b12ðp2Þ
jBj
 
;
X1211 ¼ X2222 ¼ Re
b11ðp1Þ
jBj
 
; X2211 ¼ X1222 ¼ Re
b12ðp2Þ
jBj
 
;
X2112 ¼ X1112 ¼ Im
b11ðp1Þb12ðp2Þ
jBj
 
; X1121 ¼ X2121 ¼ Im
1
jBj
 
;
X2212 ¼ X1212 ¼ Re
b11ðp1Þb12ðp2Þ
jBj
 
; X1221 ¼ X2221 ¼ Re
1
jBj
 
;
X3233 ¼ 1;
ð4:15Þ
while the non-zero elements of the matrices C are as follows
C11 ¼ C1111
cos h1
pr1
 C1211
sin h1
pr1
þ C2111
cos h2
pr2
 C2211
sin h2
pr2
	 

;
C12 ¼ C1112
cos h1
pr1
 C1212
sin h1
pr1
þ C2112
cos h2
pr2
 C2212
sin h2
pr2
	 

;
C33 ¼ C3133
cos h3
pr3
 C3233
sin h3
pr3
;
ð4:16Þ
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C1111 ¼ Im
p1b11 p1ð Þ  qv2a11 p1ð Þ
 
jBj
 
;
C1211 ¼ Re
p1b11 p1ð Þ  qv2a11 p1ð Þ
 
jBj
 
;
C2111 ¼ Im
p2b12 p2ð Þ  qv2a12 p2ð Þ
 
jBj
 
;
C2211 ¼ Re
p2b12 p2ð Þ  qv2a12 p2ð Þ
 
jBj
 
;
C1112 ¼ Im
b12 p2ð Þ p1b11 p1ð Þ  qv2a11 p1ð Þ
 
jBj
 
;
C1212 ¼ Re
b12 p2ð Þ p1b11 p1ð Þ  qv2a11 p1ð Þ
 
jBj
 
;
C2112 ¼ Im
b11 p1ð Þ p2b12 p2ð Þ  qv2a12 p2ð Þ
 
jBj
 
;
C2212 ¼ Re
b11 p1ð Þ p2b12 p2ð Þ  qv2a12 p2ð Þ
 
jBj
 
;
C3133 ¼ Im p3  qv2a33 p3ð Þ
  ¼  c44c55  c245
 
c44 c44c55  c245
 1=2 ;
C3233 ¼ Re p3  qv2a33 p3ð Þ
  ¼ c45
c44
:
ð4:17Þ
It is noted that C21 =X11 and C22 =X12 since r12 = r21 always hold.
Therefore, parameters C21 and C22 are not shown in Eq. (4.16). Due
to this fact, in what follows C21 and C22 will not shown whenever
elements of C are concerned. Final remark is that as the ﬁeld points
are on the surface, the subsonic responses of displacements and
stress components have been veriﬁed with those given by Liou
and Sung (2008) for this special case of monoclinic materials.
4.2. Supersonic problem: S1 case
As speed m increases beyond the limiting speed, we have the
supersonic problem. The ﬁrst supersonic case, S1 case, is the case
that only one pair of pa becomes real which is assumed to be p3
and p6. This real eigenvalue p3 may be determined from Eq. (4.4)
which is
p3 ¼
c44ðqv2  c55Þ þ c245
 1=2  c45
c44
> 0: ð4:18Þ
Let us consider the response for the displacement for S1 case. The
related matrix to be considered is K whose nonzero elements are
the same as those for subsonic problem as shown in Eq. (4.12) ex-
cept K33 should be replaced by
K33 ¼ K3233ð1 Hðz3ÞÞ;
K3233 ¼ Refa33ðp3Þg ¼ c44ðqv2  c55Þ þ c245
 1=2
: ð4:19Þ
Similarly, all the non-zero elements of the matricesX and C for S1
case are the same as those for subsonic problem exceptX33 and C33
in Eqs. (4.14) and (4.16) should be replaced, respectively, by
X33 ¼ X3233dðz3Þ; X3233 ¼ 1 ð4:20Þ
and
C33 ¼ C3233d z3ð Þ;
C3233 ¼ Re p3  qv2a33 p3ð Þ
  ¼ c144 c44c55  c245
 
c44 qv2  c55ð Þ þ c245
 1=2 þ c45c44 :
ð4:21Þ
The replacements of the elements of the matricesK,X and Cmade
only for anti-plane deformation while no replacements of theelements made for in-plane deformation indicate that the in-plane
responses for S1 case are the same as those for subsonic problem.
4.3. Supersonic problem: S2 case
As discussed previously for general anisotropic materials, there
are two pairs of pa being real (say, the pair p2, p5 and the pair p3, p6)
and only one pair of eigenvalues remains complex conjugate (say,
the pair p4 ¼ p1) for S2 case. For S2 case, the non-zero elements of
the matrix K related to displacements u are worked out as
K11 ¼ K1111
‘n r1ð Þ
p
þK1211
h1
p
þK2111
‘njz2j
p
þK2211 1 H z2ð Þð Þ
	 

;
K12 ¼ K1112
‘n r1ð Þ
p
þK1212
h1
p
þK2112
‘njz2j
p
þK2212 1 H z2ð Þð Þ
	 

;
K21 ¼ K1121
‘n r1ð Þ
p
þK1221
h1
p
þK2121
‘njz2j
p
þK2221 1 H z2ð Þð Þ
	 

;
K22 ¼ K1122
‘n r1ð Þ
p
þK1222
h1
p
þK2122
‘njz2j
p
þK2222 1 H z2ð Þð Þ
	 

;
K33 ¼ K3233 1 H z3ð Þð Þ;K3233 ¼ c44 qv2  c55
 þ c245 1=2
ð4:22Þ
where the multiplied parameters Kk‘ij ði; j; k; ‘ ¼ 1;2Þ associated with
the in-plane responses are still given by Eq. (4.13). The non-zero
elements of the matrix X which are related the stress components
t2 =Xf are
X11 ¼ X1111
cos h1
pr1
X1211
sin h1
pr1
þX2111
1
pz2
X2211d z2ð Þ
	 

;
X12 ¼ X1112
cos h1
pr1
X1212
sin h1
pr1
þX2112
1
pz2
X2212d z2ð Þ
	 

;
X21 ¼ X1121
cos h1
pr1
X1221
sin h1
pr1
þX2121
1
pz2
X2221d z2ð Þ
	 

;
X22 ¼ X1122
cos h1
pr1
X1222
sin h1
pr1
þX2122
1
pz2
X2222d z2ð Þ
	 

;
X33 ¼ X3233d z3ð Þ; X3233 ¼ 1
ð4:23Þ
where the multiplied parameters Xk‘ij ði; j; k; ‘ ¼ 1;2Þ associated with
the in-plane responses are the same as those for S1 case which are
given by Eq. (4.15). The non-zero elements of the matrix C related
to stress components t1 = Cf are given as follows
C11 ¼ C1111
cos h1
pr1
 C1211
sin h1
pr1
þ C2111
1
pz2
 C2211d z2ð Þ
	 

;
C12 ¼ C1112
cos h1
pr1
 C1212
sin h1
pr1
þ C2112
1
pz2
 C2212d z2ð Þ
	 

;
C33 ¼ C3233d z3ð Þ; C3233 ¼
c144 c44c55  c245
 
c44 qv2  c55ð Þ þ c245
 1=2 þ c45c44 ;
ð4:24Þ
where the multiplied parameters Ck‘ij ði; j; k; ‘ ¼ 1;2Þ associated with
in-plane responses are given by Eq. (4.17).
4.4. Supersonic problem: S3 case
For S3 case, explicit expressions for the non-zero elements of
the matrix K related to displacements u are
K11 ¼ K1211 1 H z1ð Þð Þ þK2211 1 H z2ð Þð Þ
h i
;
K12 ¼ K1212 1 H z1ð Þð Þ þK2212 1 H z2ð Þð Þ
h i
;
K21 ¼ K1221 1 H z1ð Þð Þ þK2221 1 H z2ð Þð Þ
h i
;
K22 ¼ K1222 1 H z1ð Þð Þ þK2222 1 H z2ð Þð Þ
h i
;
K33 ¼ K3233 1 H z3ð Þð Þ; K3233 ¼ c44 qv2  c55
 þ c245 1=2
ð4:25Þ
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ponents t2 =Xf are
X11 ¼ X1211d z1ð Þ X2211d z2ð Þ
h i
; X12 ¼ X1212d z1ð Þ X2212d z2ð Þ
h i
;
X21 ¼ X1221d z1ð Þ X2221d z2ð Þ
h i
; X22 ¼ X1222d z1ð Þ X2222d z2ð Þ
h i
;
X33 ¼ X3233d z3ð Þ; X3233 ¼ 1:
ð4:26Þ
The non-zero elements of the matrix C related to stress compo-
nents t1 = Cf are given by
C11 ¼ C1211d z1ð Þ  C2211d z2ð Þ
h i
; C12 ¼ C1212d z1ð Þ  C2212d z2ð Þ
h i
;
C33 ¼ C3233d z3ð Þ; C3233 ¼
c144 c44c55  c245
 
c44 qv2  c55ð Þ þ c245
 1=2 þ c45c44 :
ð4:27Þ
Note that all the multiplied parameters associated with the in-plane
responses i.e., Kk‘ij ;X
k‘
ij , and C
k‘
ij ði; j; k; ‘ ¼ 1;2Þ given, respectively, by
Eqs. (4.13), (4.15) and (4.17), are still valid for S3 case.
5. Supersonic responses for orthotropic materials
The responses for orthotropic materials with the material prin-
cipal axes being aligned with the coordinate system may be ob-
tained by further letting c16 = c26 = c45 = 0 in those expressions
presented in previous section for monoclinic materials. Expres-
sions for elements of A and B in Eq. (4.3) for orthotropic materials,
for example, become
a1k pkð Þ ¼
c166 c x 1ð Þ  ap2k
 
ap2k þ x 1ð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a 1 cbð Þp ; k ¼ 1;2ð Þ;
a2k pkð Þ ¼
c166
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a 1 cbð Þp þ c apk
ap2k þ x 1ð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a 1 cbð Þp ; k ¼ 1;2ð Þ;
a33 p3ð Þ ¼ p3c44ð Þ1;
b1k pkð Þ ¼
pk
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a 1 cbð Þp þ xc ap2k 
ap2k þ x 1ð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a 1 cbð Þp ; k ¼ 1;2ð Þ
ð5:1Þ
where the following normalized quantities (Ting, 1996, p. 481)
x ¼ qv
2
c66
; a ¼ c22
c11
; c ¼ c66
c11
; b ¼ c11c22  c
2
12
c22c66
; ð5:2Þ
have been adopted. Note again that these expressions are valid no
matter whether pk (k = 1,2) are real or complex. The eigenvalues
pk(k = 1,2,3) for orthotropic materials are determined by the fol-
lowing two equations
p2 þ c

55
c44
¼ 0; ð5:3aÞ
p4 þ b22 þ b^21  x^
h i
p2 þ b^21b22 ¼ 0: ð5:3bÞ
where
b^21 ¼ a1b21; b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 cxj
p
> 0; b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 xj
p
> 0;
x^ ¼ a1x; x ¼ 1þ að1 bÞ þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
að1 cbÞ
p
:
ð5:4Þ5.1. Subsonic problem
For subsonic problem, the roots determined from Eq. (5.3) for
orthotropic materials are all complex. Since (qm2  c55) < 0, we
have from Eq. (5.3a)
p3 ¼ ig3 ¼ i
c55  qv2
c44
 1=2
: ð5:5ÞThe roots determined from Eq. (5.3b) have forms in either type I
or type II. The roots of type I are in purely imaginary form, i.e.,
p1 = ig1, p2 = ig2 whereg1 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b^1 þ b2
 2
 x^
r
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b^1  b2
 2
 x^
r" #
;
g2 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b^1 þ b2
 2
 x^
r

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b^1  b2
 2
 x^
r" #
ð5:6Þwhile roots of type II are in form as p1 = n1 + ig1, p2 = n1 + ig1 or
equivalently written as p2 ¼ p1, wheren1 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x^ b2  b^1
 2r
; g1 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ b^1
 2
 x^
r
: ð5:7ÞSince the form of the type II roots for orthotropic materials is the
same as that for monoclinic materials, the responses for orthotropic
materials would be the same expressions as those presented in pre-
vious section, i.e., no any further simpliﬁcation can be made for
orthotropic materials of type II roots. However, for roots of type I,
due to the fact that the expressions [pkb1k(pk)  qm2a1k(pk)] and
a1k(pk), (k = 1,2) are both real and the expressions |B| and a2k(pk),
b1k(pk) (k = 1,2) are both pure imaginary, simpliﬁcations of the mul-
tiplied parameters for orthotropic materials of type I roots are pos-
sible. Hence results presented below are all for orthotropic
materials of type I roots. We ﬁrst note that the non-zero elements
of the matrices K,X and C for orthotropic materials have the same
expressions as those for monoclinic materials which are given by
Eq. (4.12), (4.14) (4.16), respectively. However, their multiplied
parameters have simpliﬁed expressions for orthotropic materials.
Deﬁnerk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ ðgkx2Þ2
q
; cos hk ¼ x1rk ; sin hk ¼
gkx2
rk
; ðk ¼ 1;2;3Þ:
ð5:8Þ
Then with these new deﬁnitions for rk and hk, the multiplied param-
eters for K in Eq. (4.13) are now simpliﬁed asK1111 ¼ 
a11ðp1Þ
ImfjBjg ; K
21
11 ¼
a12ðp2Þ
ImfjBjg ; K
12
12 ¼ 
a11ðp1Þb12ðp2Þ
jBj ;
K2212 ¼
a12ðp2Þb11ðp1Þ
jBj ; K
12
21 ¼
a21ðp1Þ
jBjg ; K
22
21 ¼
a22ðp2Þ
jBj ;
K1122 ¼ 
a21ðp1ÞImfb12ðp2Þg
jBj ; K
21
22 ¼
a12ðp2ÞImfb11ðp1Þg
jBj ;
K1211 ¼ K2211 ¼ K1112 ¼ K2112 ¼ K1121 ¼ K2121 ¼ K1222 ¼ K2222 ¼ 0;
K3133 ¼ ðc44c55Þ1=2: ð5:9ÞSimilarly, the multiplied parameters in Eq. (4.15) forX have the fol-
lowing simpler expressions
X1211 ¼ X2222 ¼
b11 p1ð Þ
jBj ; X
22
11 ¼ X1222 ¼ 
b12 p2ð Þ
jBj ;
X2112 ¼ X1112 ¼
Im b11 p1ð Þf gIm b12 p2ð Þf g
Im jBjf g ; X
11
21 ¼ X2121 ¼
1
Im jBjf g ;
X1111 ¼ X2111 ¼ X1122 ¼ X2122 ¼ X1212 ¼ X2212 ¼ X1221 ¼ X2221 ¼ 0; X3233 ¼ 1:
ð5:10Þ
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become
C1111 ¼
p1b11 p1ð Þ qv2a11 p1ð Þ
 
Im jBjf g ; C
21
11 ¼
p2b12 p2ð Þ qv2a12 p2ð Þ
 
Im jBjf g ;
C1212 ¼
b12 p2ð Þ
jBj p1b11 p1ð Þ qv
2a11 p1ð Þ
 
;
C2212 ¼
b11 p1ð Þ
jBj p2b12 p2ð Þ qv
2a12 p2ð Þ
 
;
C1211 ¼ C2211 ¼ C1112 ¼ C2112 ¼ 0; C3133 ¼c55 c44c55
 1=2
; C3233 ¼ 0:
ð5:11Þ
Results presented above are valid for ﬁeld points inside or on the
surface of the half-plane solid. As the ﬁeld points are on the surface,
present results have been veriﬁed with those given by Liou and
Sung (2008). The subsonic results shown above may also be degen-
erated to the case for isotropic materials, which are validated be-
low. For isotropic materials, the nonzero elastic stiffnesses are
c11 ¼ c22 ¼ kþ 2l; c12 ¼ k; c44 ¼ c66 ¼ c55 ¼ l; ð5:12Þ
where k, l are the Lame constants. With these special values, the
normalized quantities deﬁned in Eq. (5.2) become
x ¼ vvT
 2
¼ M22; a ¼ 1; c ¼
vT
vL
 2
¼ M1
M2
 2
; b ¼ 4 1 cð Þ;
ð5:13Þ
whereM1 = m/mL,M2 = m/mT. Since for subsonic problem the speed m is
less than limiting speed, i.e., m < mT we have x < 1 < c1. Therefore,
quantities in Eq. (5.4) become
b^1 ¼ b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 cxj
p
> 0; b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 xj
p
> 0; x^ ¼ x ¼ 0
ð5:14Þ
and the roots for isotropic materials are
p1 ¼ ig1 ¼ ib1 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 cxj
p
; p2 ¼ ig2 ¼ ib2 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 xj
p
;
p3 ¼ ig3 ¼ ib2 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 xj
p
: ð5:15Þ
Furthermore, with the following simpliﬁed expressions being
adopted for isotropic materials
a11 p1ð Þ ¼
1
l M22  2
  ; a12 p2ð Þ ¼ 12l ; a21 p1ð Þ ¼ ib1l M22  2  ;
a22 p2ð Þ ¼
i
2lb2
;
a33 p3ð Þ ¼ ilb2ð Þ1; b11 p1ð Þ ¼ i
2b1
2M22
  ;
b12 p2ð Þ ¼ i
 2M22
 
2b2
; jBj ¼ i
2b2K1
;
p1b11 p1ð Þ  qv2a11 p1ð Þ
  ¼ M
2
2  2M21 þ 2
 
2M22
  ;
p2b12 p2ð Þ  qv2a12 p2ð Þ
  ¼ 1; ð5:16Þ
one ﬁnds that multiplied parameters in Eq. (5.9) for the matrix K
are
K1111 ¼
b2
lb1
K2; K
21
11 ¼
b2
l
K1; K
12
12 ¼
1
l
K1; K
22
12 ¼
b2
l
K2;
K1221 ¼
b2
l K2; K
22
21 ¼
1
lK1; K
11
22 ¼
b1
l K1; K
21
22 ¼
1
lK2;
K1211 ¼K2211 ¼K1112 ¼K2112 ¼K1121 ¼K2121 ¼K1222 ¼K2222 ¼ 0; K3133 ¼ lb2ð Þ1;
ð5:17Þwhere
K1 ¼
2M22
 
2M22
 2
 4b1b2
; K2 ¼ 2b1
2M22
 2
 4b1b2
: ð5:18Þ
By substituting results in Eq. (5.17) into Eq. (4.12), the non-zero ele-
ments of the matrix K for isotropic materials are found to bee
K11 ¼  1pl 
b2
b1
K2‘n r1ð Þ þ b2K1‘n r2ð Þ
	 

;
K12 ¼ 1pl K1h1 þ b2K2h2½ ;
K21 ¼ 1pl b2K2h1 þ K1h2½ ; K22 ¼
1
pl
b1K1‘n r1ð Þ þ K2‘n r2ð Þ½ ;
K33 ¼ 1plb2
‘n r3ð Þ:
ð5:19Þ
with these particular values for the elements of the matrix K,
we conﬁrm that the responses of the displacement u =Kf agree
with those presented by Eringen and Suhubi (1975). Veriﬁcations
are made only for in-plane responses since the responses for
anti-plane problem are not provided by Eringen and Suhubi
(1975). The veriﬁcation for stresses is proceeded similarly. First
consider the stress components t2 =Xf or the matrix X. It is easy
to show that for isotropic materials the multiplied parameters in
Eq. (5.10) for the matrix X have the following simpliﬁed
expressions
X2112 ¼ X1112 ¼ 2b1K1; X1121 ¼ X2121 ¼ 2b2K1;
X1211 ¼ X2222 ¼ 2b2K2; X2211 ¼ X1222 ¼ 2M22
 
K1;
X1111 ¼ X2111 ¼ X1122 ¼ X2122 ¼ X1212 ¼ X2212 ¼ X1221 ¼ X2221 ¼ 0; X3233 ¼ 1
ð5:20Þ
By substituting above results into Eq. (4.14), the non-zero elements
of the matrix X for isotropic materials are found to be
X11 ¼ 1p 2b2K2ð Þ
sin h1
r1
 2M22
 
K1
sin h2
r2
	 

;
X12 ¼ 1p 2b1K1ð Þ
cos h1
r1
 cos h2
r2
 
;
X21 ¼ 1p 2b2K1ð Þ
cos h1
r1
 cos h2
r2
 
;
X22 ¼ 1p 2M
2
2
 
K1
sin h1
r1
 2b2K2ð Þ
sin h2
r2
	 

;
X33 ¼  1p
sin h3
r3
 
:
ð5:21Þ
With these particular values for the elements of the matrix X, the
obtained responses for the stress components t2 =Xf do agree with
those presented by Eringen and Suhubi (1975). Comparisons are
made again only for in-plane responses. Let us consider the veriﬁca-
tion for another stress components t1 = Cf or the matrix C. For iso-
tropic materials, the multiplied parameters in Eq. (5.11) for the
matrix C are
C1111 ¼ 2b2K1
M22  2M21 þ 2
 
2M22
  ; C2111 ¼ 2b2K1;
C1212 ¼  M22  2M21 þ 2
 
K1; C
22
12 ¼ 2b2K2;
C1211 ¼ C2211 ¼ C1112 ¼ C2112 ¼ 0; C3133 ¼ b12 ; C3233 ¼ 0:
ð5:22Þ
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the matrix C become
C11 ¼ 1p 2b2K1
M22  2M21 þ 2
 
2M22
  cos h1
r1
 2b2K1
cos h2
r2
2
4
3
5;
C12 ¼ 1p M
2
2  2M21 þ 2
 
K1
sin h1
r1
 2b2K2ð Þ
sin h2
r2
	 

;
C33 ¼  1pb
1
2
cos h3
r3
 
:
ð5:23Þ
With these particular values for the elements of the matrix C, we
are sure that the in-plane stress components t1 = Cf are the same
as those provided by Eringen and Suhubi (1975) for isotropic
materials.
5.2. Supersonic problem: S1 case
For S1 case, the pair of pa assumed to be real is p3 and p6. This is
occurred when (qm2  C55) > 0. The real p3 determined from Eq.
(5.3a) for orthotropic materials is
p3 ¼
qv2  c55
c44
 1=2
: ð5:24Þ
The other two pairs of pa remaining complex conjugate are p4 ¼ p1
and p5 ¼ p2. The non-zero elements of the matrices K,X and C for
S1 case are the same as those for subsonic problem except K33, X33
and C33 should be replaced by
K33 ¼ 1 H z3ð Þð Þ
c44 qv2  c55ð Þ½ 1=2
; X33 ¼ d z3ð Þ;
C33 ¼ c55 c44 qv2  c55
  1=2
d z3ð Þ ð5:25Þ
respectively. The replacements of the elements of the matricesK,X
and C only for anti-plane deformation indicate again that the in-
plane responses for S1 case are the same as those for subsonic
problem. Suppose now the orthotropic materials are degenerated
to isotropic materials, i.e., suppose c44 = c55 = l. Here we consider
only the responses for anti-plane deformation since the in-plane
deformations have been discussed above. For isotropic materials,
we have
p3 ¼ b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jx 1j
p
> 0; ð5:26Þ
and the elements of K33, X33 and C33 become
K33 ¼ ð1 Hðz3ÞÞlb2
; X33 ¼ dðz3Þ; C33 ¼ b12 dðz3Þ: ð5:27Þ
These values correspond to the supersonic responses for the dis-
placement and stress components for anti-plane isotropic materials.
5.3. Supersonic problem: S2 case
For S2 case, two pairs of eigenvalues become real (the pairs p2,
p5 and p3, p6), only one pair remains complex conjugate (the pair
p4 ¼ p1). The real eigenvalues of p2 and p3 will occur if the speed
of m satisﬁes the following conditions
qv2  c11
 
< 0; qv2  c66
 
> 0; qv2  c55
 
> 0; ð5:28aÞ
or
ð1 cxÞ > 0; ðx 1Þ > 0; c66
c55
x 1
 
> 0; ð5:28bÞ
where the normalized quantities deﬁned in Eq. (5.2) are used. The
real eigenvalue p3 for this case is still given by Eq. (5.24) while
the rest eigenvalues are determined by the following equation
p4  b22  b^21 þ x^
h i
p2  b^21b22 ¼ 0 ð5:29Þwhich are as followsp1 ¼ ig1 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b22  b^21 þ x^
h i2
þ 4b^21b22
r
 b22  b^21 þ x^
h i( )vuut ;
p2 ¼ g2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b22  b^21 þ x^
h i2
þ 4b^21b22
r
þ b22  b^21 þ x^
h i( )vuut ;
ð5:30Þwhereb^21 ¼ a1b21; b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 cxj
p
> 0; b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jx 1j
p
> 0: ð5:31ÞWe note that for S2 case expressions for the non-zero elements of
the matrices K, X and C given by Eqs. (4.22), (4.23) and (4.24),
respectively, are valid also for orthotropic materials. However, sim-
pler expressions for the multiplied parameters may be achieved
since the properties that p1 is pure imaginary and that p2 is real will
make the expressions ½pkb1kðpkÞ  qv2a1kðpkÞ, a1k(pk) (k = 1,2),
a22(p2), b12(p2) to be all real and the expressions a21(p1) and
b11(p1) to be both pure imaginary. The multiplied parameters in
Eq. (4.22) for K are now simpliﬁed asK1111 ¼ a11 p1ð ÞIm
1
jBj
 
; K1211 ¼ a11 p1ð ÞRe
1
jBj
 
;
K2111 ¼a12 p2ð ÞIm
1
jBj
 
; K2211 ¼a12 p2ð ÞRe
1
jBj
 
;
K1121 ¼ Im
a21 p1ð Þ
jBj
 
; K1221 ¼ Re
a21 p1ð Þ
jBj
 
; K2121 ¼a22 p2ð ÞIm
1
jBj
 
;
K2221 ¼a22 p2ð ÞRe
1
jBj
 
;
K1112 ¼a11 p1ð Þb12 p2ð ÞIm
1
jBj
 
; K1212 ¼a11 p1ð Þb12 p2ð ÞRe
1
jBj
 
;
K2112 ¼ a12 p2ð ÞIm
b11 p1ð Þ
jBj
 
; K2212 ¼ a12 p2ð ÞRe
b11 p1ð Þ
jBj
 
;
K1122 ¼b12 p2ð ÞIm
a21 p1ð Þ
jBj
 
; K1222 ¼b12 p2ð ÞRe
a21 p1ð Þ
jBj
 
;
K2122 ¼ a22 p2ð ÞIm
b11 p1ð Þ
jBj
 
; K2222 ¼ a22 p2ð ÞRe
b11 p1ð Þ
jBj
 
;
K3233 ¼ c44 qv2  c55
  1=2
:
ð5:32Þ
Similarly, the multiplied parameters in Eq. (4.23) forX have the
following simpler expressionsX1111 ¼X2122 ¼ Im
b11 p1ð Þ
jBj
 
; X2111 ¼X1122 ¼b12 p2ð ÞIm
1
jBj
 
;
X2112 ¼X1112 ¼ b12 p2ð ÞIm
b11 p1ð Þ
jBj
 
; X1121 ¼X2121 ¼ Im
1
jBj
 
;
X1211 ¼X2222 ¼ Re
b11 p1ð Þ
jBj
 
; X2211 ¼X1222 ¼b12 p2ð ÞRe
1
jBj
 
;
X2212 ¼X1212 ¼ b12 p2ð ÞRe
b11 p1ð Þ
jBj
 
; X1221 ¼X2221 ¼ Re
1
jBj
 
; X3233 ¼ 1
ð5:33Þ
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C1111 ¼  p1b11 p1ð Þ  qv2a11 p1ð Þ
 
Im
1
jBj
 
;
C1211 ¼  p1b11 p1ð Þ  qv2a11 p1ð Þ
 
Re
1
jBj
 
;
C2111 ¼ p2b12 p2ð Þ  qv2a12 p2ð Þ
 
Im
1
jBj
 
;
C2211 ¼ p2b12 p2ð Þ  qv2a12 p2ð Þ
 
Re
1
jBj
 
;
C1112 ¼ b12 p2ð Þ p1b11 p1ð Þ  qv2a11 p1ð Þ
 
Im
1
jBj
 
;
C1212 ¼ b12 p2ð Þ p1b11 p1ð Þ  qv2a11 p1ð Þ
 
Re
1
jBj
 
;
C2112 ¼  p2b12 p2ð Þ  qv2a12 p2ð Þ
 
Im
b11 p1ð Þ
jBj
 
;
C2212 ¼  p2b12 p2ð Þ  qv2a12 p2ð Þ
 
Re
b11 p1ð Þ
jBj
 
;
C3233 ¼ c55 c44 qv2  c55
  1=2
:
ð5:34Þ
Results presented above for the S2 case are recoverable to those for
isotropic materials which are shown below. First, note that the S2
case is occurred when 1 < x < c1 (see Eq. (5.29)) and note also that
a = 1 for isotropic materials, hence quantities in Eq. (5.31) become
b^1 ¼ b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 cxj
p
> 0; b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jx 1j
p
> 0; ð5:35Þ
for isotropic materials. Therefore, the corresponding roots for S2
case are
p1 ¼ ig1 ¼ ib1 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j1 cxj
p
; p2 ¼ g2 ¼ b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jx 1j
p
; ð5:36Þ
while p3 is given by Eq. (5.26). Hence, deﬁne
r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ b1x2ð Þ2
q
; cos h1 ¼ x1r1 ; sin h1 ¼
b1x2
r1
;
z2 ¼ z3 ¼ x1 þ b2x2: ð5:37Þ
Furthermore, with the following simpliﬁed expressions being
adopted for isotropic materials
a11 p1ð Þ ¼
1
l 2M22
  ; a12 p2ð Þ ¼ 12l ; a21 p1ð Þ ¼ ib1l 2M22  ;
a22 p2ð Þ ¼
1
2lb2
;
a33 p3ð Þ ¼ lb2ð Þ1; b11 p1ð Þ ¼ i
2b1
2M22
  ; b12 p2ð Þ ¼ 2M
2
2
 
2b2
;
1
jBj ¼ 2b2 K4  iK3½ 
ð5:38Þ
then the multiplied parameters in Eq. (5.32) are simpliﬁed as
K1111 ¼
2b2
l 2M22
 K3; K1211 ¼ 2b2
l 2M22
 K4; K2111 ¼b2l K3; K2211 ¼b2l K4;
K1112 ¼
1
l
K3; K
12
12 ¼
1
l
K4; K
21
12 ¼
2b1b2
l 2M22
 K4; K2212 ¼ 2b1b2
l 2M22
 K3;
K1121 ¼
2b1b2
l 2M22
 K4; K1221 ¼ 2b1b2
l 2M22
 K3; K2121 ¼1l K3; K2221 ¼ 1lK4;
K1122 ¼
b1
l
K4; K
12
22 ¼
b1
l
K3; K
21
22 ¼
2b1
l 2M22
 K4; K2222 ¼ 2b1
l 2M22
 K3;
K3233 ¼ lb2ð Þ1;
ð5:39Þwhere
K3 ¼
4b1b2 2M22
 
2M22
 4
þ 16b21b22
; K4 ¼
2M22
 3
2M22
 4
þ 16b21b22
: ð5:40Þ
Substituting above results into Eq. (4.22), the non-zero elements of
the matrix K become
K11 ¼ 1pl
2b2
2M22
  K3‘n r1ð ÞþK4h1½ þb2 K3‘njz2j þpK4 H z2ð Þ1ð Þ½ 
8<
:
9=
;;
K12 ¼ 1pl K3‘n r1ð ÞK4h1½ þ
2b1b2
2M22
  K4‘njz2jpK3 H z2ð Þ1ð Þ½ 
8<
:
9=
;;
K21 ¼ 1pl
2b1b2
2M22
  K4‘n r1ð ÞþK3h1½   K3‘njz2jþpK4 H z2ð Þ1ð Þ½ 
8<
:
9=
;;
K22 ¼ 1pl b1 K4‘n r1ð ÞþK3h1½  þ
2b1
2M22
  K4‘njz2j pK3 H z2ð Þ1ð Þ½ 
8<
:
9=
;;
K33 ¼ lb2ð Þ1 H z3ð Þ1ð Þ:
ð5:41Þ
With these particular values for the elements of the matrixK for S2
case, the in-plane displacement obtained through u =Kf agree with
those presented by Eringen and Suhubi (1975) for ‘‘transonic’’ case.
The stresses for isotropic materials are veriﬁed similarly. For isotro-
pic materials, the multiplied parameters given in Eq. (5.33) for X
become
X1111 ¼ X2122 ¼
4b1b2
2M22
 K4; X2111 ¼ X1122 ¼  2M22 K3;
X2112 ¼ X1112 ¼ 2b1K4; X1121 ¼ X2121 ¼ 2b2K3;
X1211 ¼ X2222 ¼
4b1b2
2M22
 K3; X2211 ¼ X1222 ¼ 2M22 K4;
X2212 ¼ X1212 ¼ 2b1K3; X1221 ¼ X2221 ¼ 2b2K4; X3233 ¼ 1
ð5:42Þ
Then substituting above results into Eq. (4.23), we see that the non-
zero elements of the matrix X have the following expressions:
X11 ¼ 1p
4b1b2
2M22
  K4 cosh1r1 K3
sinh1
r1
	 

 2M22
 
K3z12 þK4pd z2ð Þ
 8<:
9=
;;
X12 ¼2b1p K4
cosh1
r1
þK3 sinh1r1 þK4z
1
2 K3pd z2ð Þ
 
;
X21 ¼2b2p K3
cosh1
r1
þK4 sinh1r1
	 

 K3z12 þK4pd z2ð Þ
  
;
X22 ¼1p 2M
2
2
 
K3
cosh1
r1
þK4 sinh1r1
	 

þ 4b1b2
2M22
  K4z12 þK3pd z2ð Þ 
8<
:
9=
;;
X33 ¼d z3ð Þ:
ð5:43Þ
With these particular values for the elements of the matrix X, we
found that our in-plane stress components t2 =Xf for S2 case agree
with those ‘‘transonic’’ case presented by Eringen and Suhubi
(1975). The other stress components related to the matrix C are
also veriﬁed without difﬁculty for isotropic materials. By noting
that for isotropic materials the multiplied parameters given in Eq.
(5.34) now become
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M22  2M21 þ 2
2M22
 !
K3; C
12
11 ¼ 2b2
M22  2M21 þ 2
2M22
 !
K4;
C2111 ¼ 2b2K3; C2211 ¼ 2b2K4;
C1112 ¼ M22  2M21 þ 2
 
K3; C
12
12 ¼  M22  2M21 þ 2
 
K4;
C2112 ¼
4b1b2
2M22
 K4; C2212 ¼ 4b1b2
2M22
 K3;
C3233 ¼ b12 :
ð5:44Þ
With above results being substituted into Eq. (4.24), the non-zero
elements of the matrices C become
C11 ¼  1p 2b2ð Þ
M22  2M21 þ 2
 
2M22
  K3 cos h1r1 þ K4
sin h1
r1
	 
8<
:
 K3z12 þ K4pd z2ð Þ
 )
;
C12 ¼ 1p
(
M22  2M21 þ 2
 
K3
cos h1
r1
þ K4 sin h1r1
	 

 4b1b2
2M22
  K4z12  K3pd z2ð Þ 
9=
;;
C33 ¼ b12 d z3ð Þ: ð5:45Þ
With these particular values for the elements of the matrix C for
isotropic materials, our in-plane responses of the stress components
t1 = Cf do recover those presented by Eringen and Suhubi (1975) for
‘‘transonic’’ case.
5.4. Supersonic problem: S3 case
When the following conditions
cx 1ð Þ > 0; x 1ð Þ > 0; c66
c55
x 1
 
> 0 ð5:46Þ
are all satisﬁed, we then have the S3 case for orthotropic materials.
The two real eigenvalues for in-plane responses are determined from
p4  b22 þ b^21 þ x^
h i
p2 þ b^21b22 ¼ 0; ð5:47Þ
where
b^21 ¼ a1b21; b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jcx 1j
p
; b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jx 1j
p
: ð5:48Þ
This equation gives rise to
p1 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ b^1
 2
þ x^
r

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  b^1
 2
þ x^
r( )
> 0;
p2 ¼
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2 þ b^1
 2
þ x^
r
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  b^1
 2
 x^
r( )
> 0:
ð5:49Þ
To begin with the discussions for S3 case, we note that the expres-
sions for monoclinic materials for the matricesK,X and C given by
Eqs. (4.25), (4.26), (4.27), respectively are still valid for orthotropic
materials for S3 case. However, the multiplied parameters in Eq.
(4.25) for K have the following simpliﬁed expressionsK1211 ¼
a11 p1ð Þ
jBj ; K
22
11 ¼ 
a12 p2ð Þ
jBj ; K
12
12 ¼ 
a11 p1ð Þb12 p2ð Þ
jBj ;
K2212 ¼
a12 p2ð Þb11 p1ð Þ
jBj ; K
12
21 ¼
a21 p1ð Þ
jBj ; K
22
21 ¼ 
a22 p2ð Þ
jBj ;
K1222 ¼ 
a21 p1ð Þb12 p2ð Þ
jBj ; K
22
22 ¼
a22 p2ð Þb11 p1ð Þ
jBj ;
K3233 ¼ c44 qv2  c55
  1=2 ð5:50Þ
and the simpliﬁed expressions for the multiplied parameters in Eq.
(4.26) are
X1211 ¼
b11 p1ð Þ
jBj ; X
22
11 ¼
b12 p2ð Þ
jBj ; X
12
12 ¼ 
b11 p1ð Þb12 p2ð Þ
jBj ;
X2212 ¼
b11 p1ð Þb12 p2ð Þ
jBj ; X
12
21 ¼
1
jBj ; X
22
21 ¼
1
jBj ; X
12
22 ¼ 
b12 p2ð Þ
jBj ;
X2222 ¼
b11 p1ð Þ
jBj ; X
32
33 ¼ 1: ð5:51Þ
while the multiplied parameters Eq. (4.27) for the matrix C are
C1211 ¼ 
p1b11 p1ð Þ  qv2a11 p1ð Þ
 
jBj ; C
22
11 ¼
p2b12 p2ð Þ  qv2a12 p2ð Þ
 
jBj ;
C1212 ¼
b12 p2ð Þ p1b11 p1ð Þ  qv2a11 p1ð Þ
 
jBj ;
C2212 ¼ 
b11 p1ð Þ p2b12 p2ð Þ  qv2a12 p2ð Þ
 
jBj ;
C3233 ¼ c55 c44 qv2  c55
  1=2 ð5:52Þ
with the multiplied parameters presented above for the re-
sponses of displacement and stresses for orthotropic materials,
we are now able to show that the supersonic responses for the case
of isotropic materials are indeed recoverable from present results.
For isotropic materials, a = 1, x^ ¼ x ¼ 0, and the two real roots for
S3 case are
p1 ¼ b1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jcx 1j
p
; p2 ¼ b2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jx 1j
p
: ð5:53Þ
These two roots correspond to the in-plane responses. The root p3
for anti-plane deformation is given by Eq. (5.26). Furthermore, with
the following simpliﬁed expressions for isotropic materials
a11 p1ð Þ ¼
1
l M22  2
  ; a12 p2ð Þ ¼ 12l ; a21 p1ð Þ ¼ b1l M22  2  ;
a22 p2ð Þ ¼
1
2lb2
; a33 p3ð Þ ¼ lb2ð Þ1; b11 p1ð Þ ¼
2b1
M22  2
  ;
b12 p2ð Þ ¼
 M22  2
 
2b2
; jBj ¼ 1
2b2K5
;
p1b11 p1ð Þ  qv2a11 p1ð Þ
  ¼  M
2
2  2M21 þ 2
 
M22  2
  ;
p2b12 p2ð Þ  qv2a12 p2ð Þ
  ¼ 1; ð5:54Þ
we found that the multiplied parameters in Eq. (5.50) are as follows
K1211 ¼
1
l
b2
b1
K6; K
22
11 ¼
1
l
b2K5; K
12
12 ¼
1
l
K5; K
22
12 ¼
1
l
b2K6;
K1221 ¼
1
l
b2K6; K
22
21 ¼
1
l
K5; K
12
22 ¼
1
l
b1K5; K
22
22 ¼
1
l
K6; K
32
33 ¼ lb2ð Þ1
ð5:55Þ
where
K5 ¼ ðM
2
2  2Þ
ðM22  2Þ2 þ 4b1b2
; K6 ¼ 2b1ðM22  2Þ2 þ 4b1b2
ð5:56Þ
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Fig. 2. Eigenvalues p1, p2 and p3 versus speed m for the augite material.
Fig. 3. Slowness surface for the propagation in the x1  x2 plane.
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the matrix K for isotropic materials become
K11 ¼ l1 b2b1
K6 1 H z1ð Þð Þ þ b2K5 1 H z2ð Þð Þ
	 

;
K21 ¼ l1 b2K6 1 H z1ð Þð Þ  K5 1 H z2ð Þð Þ½ ;
K12 ¼ l1 K5 1 H z1ð Þð Þ  b2K6 1 H z2ð Þð Þ½ ;
K22 ¼ l1 b1K5 1 H z1ð Þð Þ þ c166K6 1 H z2ð Þð Þ
 
;
K33 ¼  lb2ð Þ1 H z3ð Þ  1ð Þ:
ð5:57Þ
With these particular values for the elements of the matrix K for
isotropic materials, we conﬁrm that the in-plane displacement ob-
tained through u =Kf does agree with those by Eringen and Suhubi
(1975) presented for supersonic case. Let us consider the veriﬁca-
tion of the stress components t2 =Xf or the matrix X for S3 case.
First, for isotropic material the multiplied parameters in Eq. (5.51)
for X are
X1211 ¼2b2K6; X2211 ¼ M222
 
K5; X
12
12 ¼2b1K5; X2212 ¼2b1K5;
X1221 ¼2b2K5; X2221 ¼2b2K5; X1222 ¼ M222
 
K5; X
22
22 ¼2b2K6; X3233 ¼1:
ð5:58Þ
Then, substituting these results into Eq. (4.26), the non-zero ele-
ments of the matrix X are
X11 ¼  2b2K6d z1ð Þ þ M22  2
 
K5d z2ð Þ
h i
;
X12 ¼ 2b1K5 d z1ð Þ  d z2ð Þ½ ;
X21 ¼ 2b2K5 d z1ð Þ  d z2ð Þ½ ;
X22 ¼  M22  2
 
K5d z1ð Þ þ 2b2K6d z2ð Þ
h i
; X33 ¼ d z3ð Þ:
ð5:59ÞWith these particular values for the elements of the matrix X for
isotropic materials, the obtained supersonic responses for the in-
plane stress components t2 =Xf do agree with those presented by
Eringen and Suhubi (1975). Finally consider the veriﬁcation of the
stress components t1 = Cf or the matrix C for isotropic materials.
It is not difﬁcult to show that for isotropic materials the multiplied
parameters for the matrix C in Eq. (5.52) are simpliﬁed as
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b2
b1
M22  2M21 þ 2
 
K6; C
22
11 ¼ 2b2K5;
C1212 ¼ M22  2M21 þ 2
 
K5; C
22
12 ¼ 2b2K6; C3233 ¼ b12 :
ð5:60Þ
Substituting these results into Eq. (4.27), the non-zero elements
of the matrices C are found as:
C11 ¼ b2b1
M222M21þ2
 
K6d z1ð Þþ2b2K5d z2ð Þ
	 

;
C12 ¼  M22 2M21þ2
 
K5d z1ð Þþ2b2K6d z2ð Þ
h i
; C33 ¼b12 d z3ð Þ:
ð5:61Þ
With these particular values for the elements of the matrix C, the
in-plane stress components t1 = Cf recover those presented by Erin-
gen and Suhubi (1975) with some tying errors being corrected. (The
term 2m1m2d(n +m2g) (in their notations) for r11 should be
replaced by 4m1m2d(n +m2g) and the term ðð1m22Þdðnþm1gÞþ
2m1m2dðnþm2gÞÞ for r22 should be replaced by ðð1m22Þ2
dðnþm1gÞ þ 4m1m2dðnþm2gÞÞ. Details please refer to Eq.
(7.11.33), by Eringen and Suhubi (1975, p. 583).)1 For interpretation of color in Fig. 2, the reader is referred to the web version of
is article.6. Some numerical results and discussions
In previous two sections, analytic expressions of the displace-
ments and stresses in terms of elastic stiffness are exploited for
both monoclinic materials with symmetry plane at x3 = 0 and
orthotropic materials. Expressions for displacements u are related
to matrix K(m) while stress components t2, t1 are related, respec-
tively, to matrices X(m) and C(m). As mentioned previously, all
the elements of the matrices K(m), X(m) and C(m) are expressed
by terms involving ﬁeld point of observation multiplied by param-
eters which are coordinate-free. These coordinate-free parameters
depending on the material constants as well as the speed v are pre-sented numerically in the following for monoclinic materials with
the plane of symmetry at x3 = 0. The material to be analyzed is au-
gite, whose elastic stiffnesses are as follows:
c11 c12 c14 c15 c16
c12 c22 c24 c25 c26
c14 c24 c44 c45 c46
c15 c25 c45 c55 c56
c16 c26 c46 c56 c66
2
6664
3
7775¼
218 72 0 0 25
72 182 0 0 20
0 0 55:8 4 0
0 0 4 69:7 0
25 20 0 0 51:1
2
6664
3
7775 ðGPaÞ
and its mass density q is taken as q = 3320 (kg m3) (Chadwick and
Wilson, 1992).The three pairs of eigenvalues pk in Eq. (2.4) are all
complex when the speed v is less than the limiting wave speed v^
(Ting, 1996). Through numerical calculations, the limiting wave
speed for the material considered above is v^ ¼ 3777 ðm=sÞ. Beyond
the limiting wave speed v^ ¼ 3777 ðm=sÞ, the ﬁrst pair of eigen-
values become real while beyond v^ ¼ 4572 ðm=sÞ and v^ ¼
7919 ðm=sÞ the second and third pairs of eigenvalues will, respec-
tively, become real as shown in Fig. 2. The problem is subsonic for
0 < v < v^ ¼ 3777 ðm=sÞ while for all v > v^ ¼ 3777 ðm=sÞ the prob-
lems are considered as supersonic. Fig. 3 is the slowness surface of
the augite material for the propagation in the x1  x2 plane. The
conﬁgurations of the slowness surface are helpful in the numerical
computations of the eigenvalues pk which are presented in Fig. 2. It
is noted that the slowness surface with red1 color is the one corre-
sponding to the anti-plane problem.
The surface wave speed denoted as vR may be determined from
the secular equation given by |L(v)| = 0 (Ting, 1996). For the present
material under consideration, the surface wave speed is numeri-
cally computed as vR = 3614 (m/s). Let’s ﬁrst present the parame-
ters related to the responses for displacements u. The expressions
for these coordinate free parameters are shown in Eq. (4-13). Forth
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plane responses are decoupled from anti-plane response. There
are sixteen parameters Kklij ; ði; j; k; l ¼ 1;2Þ associated with the in-
plane responses for the displacements. They are presented in Figs.
4–7. It is observed that the variations of these parameters versus
speed v running from subsonic to supersonic are signiﬁcantly mag-
niﬁed near the surface wave speed vR = 3614 (m/s). In some of these
ﬁgures, it is also observed that the signiﬁcant discontinuities of the
slopes for the parameters Kklij ; ði; j; k; l ¼ 1;2Þ occur at transonic
states, i.e., at v^ ¼ 3777 ðm=sÞ and at v^ ¼ 7919 ðm=sÞ. The parame-
tersK3133 andK
32
33 depicted in Fig. 8 are associated with anti-plane re-
sponse. Note that these parameters take ﬁnite values at surface
wave speed. This is due to decoupling of the anti-plane deformation
from the in-plane deformation for monoclinic materials with the
plane of symmetry at x3 = 0, and no surface wave can survive for
the anti-plane problem. Note also that both parameters K3133 and
K3233 tend to go to inﬁnite without bound near v^ ¼ 4572 ðm=sÞ indi-
cating that the anti-plane response is not changed smoothly from
subsonic (v < 4572 ðm=sÞ) to supersonic ðv > 4572 ðm=sÞÞ.
There are also sixteen parameters Xklij ; ði; j; k; l ¼ 1;2Þ associated
with the in-plane responses of the stress components
t2 ¼ ðr21;r22;r23ÞT . However, only eight independent parameters
needed to be computed as is clear from the expressions shown in
Eq. (4.15). The variations of these eight parameters versus speed
v are presented in Figs. 9 and 10 which are all for in-plane re-
sponses. Note that the signiﬁcant magniﬁcation phenomenon near
the surface wave speed is again observed. Note also that the dis-
continuities of the slopes for the parameters Xklij ; ði; j; k; l ¼ 1;2Þ
at transonic states, i.e., at v^ ¼ 3777 ðm=sÞ and v^ ¼ 7919 ðm=sÞ are
also observed. The values of the two parameters X3133 ¼ 0 and
X3233 ¼ 1 associated with the anti-plane response indicate that the
stress r23 is not effected by the speed v at all.There are also sixteen parameters Cklij ; ði; j; k; l ¼ 1;2Þ associated
with the in-plane responses for the stress components
t1 = (r11,r12,r13)T. However, C21 =X11 and C22 =X12 due to
r12 = r21 as mentioned previously. Therefore, there are actually
eight parameters among Cklij ; ði; j; k; l ¼ 1;2Þ needed to be com-
puted for in-plane responses which are plotted in Figs. 11 and
12. In these ﬁgures, the phenomenon of the signiﬁcant magniﬁca-
tion of the parameters Cklij ; ði; j; k; l ¼ 1;2Þ near the speed of the sur-
face wave is again observed. At transonic states, the phenomenon
of the discontinuities of the slopes for some of the parameters
Cklij ; ði; j; k; l ¼ 1;2Þ is also observed. As to the parameters corre-
sponding to anti-plane deformation, their behaviors versus speed
are presented in Fig. 13 where an abrupt change at speed
v^ ¼ 4572 ðm=sÞ at which the problem changed from subsonic to
supersonic is also observed.
7. Conclusions
Supersonic responses of displacements and stress components
induced by point load moving steadily on an anisotropic half-plane
boundary are given in closed forms for general anisotropic materi-
als. The obtained analytic expressions are further expressed in
terms of elastic stiffnesses for monoclinic materials with symmetry
plane at x3 = 0 and orthotropic materials, for both supersonic prob-
lem and subsonic problem. The exploited explicit expressions for
the displacements are related to matrix K(m) while those for stress
components are related to matricesX(m) andC(m). The elements of
the matrices K(m),X(m) and C(m) are expressed by terms involving
the ﬁeld points of observations multiplied by parameters which are
completely determined by the elastic stiffnesses. Multiplied
parameters presented analytically are also studied numerically.
By taking special values for the elements of the matrices K(m),
2272 J.Y. Liou, J.C. Sung / International Journal of Solids and Structures 49 (2012) 2254–2272X(m) and C(m), the results for isotropic materials for all speeds of
the loads, i.e., ranging from subsonic to supersonic are all
recovered.
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